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a b s t r a c t

The magnetic properties of diluted spinels Zn1−xMxFe2O4 (M = Mg, Ni) systems have been studied by mean
field theory, probability law and high-temperature series expansions method in the range 0 ≤ x ≤ 1. The
exchange interactions are calculated by the first and second theory, respectively. The magnetic phase dia-
grams of Zn1−xMxFe2O4 (M = Mg, Ni) are calculated by the high-temperature series expansions, combined
with the Padé approximants method. The critical exponent associated with the magnetic susceptibility
(�) is deduced.
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The AB2O4 type spinel ferrite shows various magnetic properties
uch as ferromagnetic and antiferromagnetic behaviours depend-
ng on the composition and cation distribution. For instance, bulk
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zinc ferrite ZnFe2O4 is known to possess a normal spinel structure
and is an antiferromagnetic material [1], where the Zn2+ ion always
prefers to occupy A-site and all the Fe3+ ions occupying B-sites are
antiparallelly coupled. In contrast, NiFe2O4 is an inverse spinel that
Ni2+ ion always prefers to occupy B-site and two Fe3+ ions occupy
A-site and B-site separately [2]. Due to the super-exchange inter-
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1. Introduction
actions between the spins of inter-sublattices (A–O–A and B–O–B)
and intra-sublattices (A–O–B) via oxygen anions, two Fe3+ ions are
aligned oppositely on A- and B-sites while the Ni2+ are parallel to
Fe3+ in B-sites, showing the long-range ferromagnetic order. More-
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ver, ferromagnetic MgFe2O4 is a mixed inverse spinel that the
g2+ and Fe3+ ions can easily occupy both of the A- and B-site.
The case of a ferrimagnetic spinels system MFe2O4 (M = Mg, Ni)

ith two magnetic sublattices A and B is particularly interesting
ecause they may exhibit particular disordered magnetic ions in
ifferent sites. The magnetic structures depend upon the types
f magnetic ions residing on the tetrahedral (A) and octahedral
B) sites and the relative strengths of the inter- (JAB) and intra-
ublattice interactions (JAA, JBB). Generally all the three exchange
nteractions JAA, JBB and JAB are negative. Further, when all the metal
ons (cations) are magnetic, usually the inter-sublattice interaction
AB is the strongest with |JAB| � |JBB| > |JAA|. Thus, JAB renders the
ndiluted spinels as ferrimagnetic with A-site moments aligned
ntiparallel to the B-site moments keeping the AA and the BB bonds
nsatisfied. The determination of critical exponents is an important
spect of the theoretical description and experimental character-
sation of magnetic materials [3]. The exchange interactions J1(x)
nd J2(x) of the diluted Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 sys-
ems have been obtained by using the mean field theory in the pure
ase. The probability distribution function adapting the nature of
ilution problem is applied for the two systems to calculate the
xchange interaction JAB(x) in the range 0 ≤ x ≤ 1. The Padé approx-
mant (P.A.) [4] analysis of the high-temperature series expansion
HTSE) of the correlation length has been shown to be a use-
ul method for the study of the critical region [5,6]. We have
sed this technique to determine the magnetic phase diagrams of
n1−xMgxFe2O4 and Zn1−xNixFe2O4 in the range 0 ≤ x ≤ 1.

The series expansions of the susceptibility �(T) have been
erived to the seventh-order in the reciprocal temperature for
pinels lattices including both nearest-neighbouring (nm) and
ext-nearest-neighbouring (nnn) interactions in the Heisenberg
odel [7]. In the antiferromagnetic behaviour we have used the

esults given in Ref [8]. We have applied this method to the spinel
ystems Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 to estimate the crit-
cal temperature and the critical exponent � associated with the

agnetic susceptibility �(T).

. Theory method

.1. Calculation of the exchange integrals

.1.1. Mean field approximation
Starting from the well-known Heisenberg model, the Hamilto-

ian of the system is given by:

= −2
∑

i,j

Jij�Si
�Sj (1)

here, Jij is the exchange integral between the spins situated at
ites i and j. �Si is the atomic spin of the magnetic ion located on
he ith site. The factor “2” in Eq. (1) arises from the fact that, when
umming over all possible pairs 〈ij〉 exchange interactions, we count
ach pair twice. In this work, we consider the nearest-neighbouring
nn) and next-nearest-neighbouring (nnn) interactions J1 and J2,
espectively. In the case of spinels structure containing the mag-
etic moment only in the octahedral sublattice, the mean field
pproximation leads to a simple relations between the critical tem-
erature TN and the paramagnetic Curie Weiss-temperature �p,
espectively, and the considered two exchange integrals J1 and J2.

Following, the method of Holland and Brown [9], the

xpressions of TN and �p describing the Zn1−xMgxFe2O4 and
n1−xNixFe2O4 systems are:

N = 2S(S + 1)
3kB

[−4J1 + 2J2] (2)
Compounds 503 (2010) 299–302

�p = 2S(S + 1)
3kB

[12J1 + 6J2] (3)

where kB is the Boltzmann’s constant and S = 3/2 is the spin of Fe3+

ions.
To determine J1(x) and J2(x) in the whole range concentration for

the Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 systems, we have used the
experimental values of TN and �p obtained by magnetic measure-
ment [10–13]. We have deduced the values of exchange integrals
J1(x) and J2(x) for the Zn1−xMgxFe2O4 and for the Zn1−xNixFe2O4
systems in the pure case.

2.1.2. Probability law
The authors [14,15] in the last work, used the probability law to

calculate the exchange interactions. In this work, we have applied
the probability law in the diluted spinels Zn1−xMxFe2O4 (M = Mg,
Ni) systems, only the random placement of the ions A and B leads
to the spatial fluctuations of the signs and magnitudes of the super-
exchange interaction between the magnetic ions A and B. Due to
the nature of dilution problem we choose a probability law permit-
ting us to determine exchange integral JAB(x) for each concentration
x. The exchange integral of the opposite pure compound AB2X4
of the bound random spinel is denoted JAB. The occupation prob-
ability p(i) of the two ions A or B induced in the interaction is
p(i) = Ci

nxn−i(1 − x)i, where n is the total number of lattice sites
inside a sphere with the volume 4/3�R3

i
(Ri denotes the distance

between the sites i and j, n is the number of cations the Pth coor-
dination sphere around a given cation chosen as the central one,
for this structure n = 3), while i varies from 0 to 3. The exchange

integral for such an occupation is assumed to be: Ji
AB = (Jn−i

A Ji
B)

1/n
.

The expression obtained is:

JAB(x) =
3∑

i=0

Ci
3x3−i(1 − x)i(J3−i

A Ji
B)

1/3

JY−Fe(x) = x3JY−Fe + 3x2(1 − x)(JY−Fe
2J1)

(1/3)

+ 3x(1 − x)2(JY−FeJ1
2)

(1/3) + (1 − x)3J1

(4)

Y = Ni or Mg, ou J1 = JFe–Fe = −1.166 K, J2 = −0.333 K, in ZnFe2O4
obtained by Eqs. (2) and (3).JAB correspond to the exchange inter-
actions of the opposite pure systems AB2X4.

Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 are a diluted spinels
MgFe2O4 and NiFe2O4 systems, respectively, with the values
of the exchange integrals: JMg–Fe = −22 K for MgFe2O4 [16] and
JNi–Fe = −30 K for NiFe2O4 [17]. The exchange integrals JFe–Fe, JMg–Mg
and JNi–Ni are negligible in the MgFe2O4 and NiFe2O4 systems.

2.2. High-temperature series expansions

In order to deduce the expression of the susceptibility of the
system with two sublattices, the Hamiltonian of the Heisenberg
with extern field hex may be put in the form:

H = −2JAA

∑
〈i,i′〉

�Si
�Si′ − 2JBB

∑
〈j,j′〉

��j ��j′

− 2JAB

∑
〈i,j〉

�Si ��j − �Bhex

⎛
⎝gA

∑
i

Sz
i − gB

∑
j

�z
j

⎞
⎠ (5)

where �S and �� are spin vectors of magnitudes �S2 = S(S + 1) and ��2 =

�(� + 1) in sublattice A and B, respectively. gA and gB are the corre-
sponding gyromagnetic factors and �B is the Bohr magneton. hex is
an external magnetic field (z direction) introduced in order to pro-
vide an easy determination of the magnetic susceptibility. The first
summation is over all spin pairs nearest-neighbours in sublattice
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Table 1
The exchange integrals JAB of Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 as a function of
dilution x.

x Zn1−xNixFe2O4 Zn1−xMgxFe2O4∣∣ JAB
kB

(K)
∣∣ [17]

∣∣ JAB
kB

(K)
∣∣ (present work)

∣∣ JAB
kB

(K)
∣∣ (present work)

1 30.00 30 22
0.9 – 24.43 18.13
0.8 – 19.60 14.74
0.7 – 15.45 11.80
0.6 – 11.93 9.29
0.5 – 8.99 7.16
0.4 – 6.58 5.38
0.3 – 4.64 3.92
0.2 – 3.13 2.75

residues to the critical exponents � . The obtained central value of
� is: � = 1.36 ± 0.02 and � = 1.38 ± 0.02.
R. Masrour et al. / Journal of Alloy

, the second is over all spin pairs nearest-neighbours in sublattice
and the third is between all spin pair nearest-neighbours in A and
. JAA, JBB and JAB are the intra- and the inter-sublattice exchange

nteractions between neighbouring spins.The magnetisation of the
errimagnetic spinels systems is:

= �B

⎛
⎝gA

∑
i

〈
Sz

i

〉
+ gB

∑
j

〈
�z

j

〉
⎞
⎠ (6)

fter computing the first derivative of magnetisation � =
∂M/∂hex)hex→0, we obtained the general expression of suscepti-
ility for the collinear normal ferrimagnetic spinel as follows:

= �2
B

3kBT

⎛
⎝NAg2

AS̄2 + NBg2
B �̄2 + g2

A

∑
i /= i\

〈�Si
�Si\

〉

+ g2
B

∑
j /= j\

〈��j ��j\
〉

− 2gAgB

∑
i,j

〈�Si ��j

〉
⎞
⎠ (7)

here NA and NB are, respectively, the number of ion and the spin
alue of each type of spin.Finally, we obtain simple form

= �2
B

3kBT

(
NAg2

AS̄2 + NBg2
B �̄2 + NAg2

A�AA + NBg2
B�BB − 2NBgAgB�BA

)

(8)

ollowing the procedure in [18–22], we compute the expressions
f spin correlation functions �AA, �BB and �AB in terms of powers of
and mixed powers of J1 = 2JBB�̄2, J2 = 2JABS̄�̄ and J3 = 2JAAS̄2.The

orrelations functions �AA, �BB and �AB may be expressed as fol-
ows:

�AA = S̄2
7∑

q=1

q∑
m=0

q−m∑
n=0

q−m−n∑
p=0

a(m, n, p, q)Jm
1 Jn

2 Jp
3ˇq

�BB = �̄2
7∑

q=1

q∑
m=0

q−m∑
n=0

q−m−n∑
p=0

b(m, n, p, q)Jm
1 Jn

2 Jp
3ˇq

�BA = S̄�̄

7∑
q=1

q∑
m=0

q−m∑
n=0

q−m−n∑
p=0

c(m, n, p, q)Jm
1 Jn

2 Jp
3ˇq

(9)

onzero coefficients a(m, n, p, q), b(m, n, p, q) and c(m, n, p, q) up to
rder 7 on ˇ are given in Ref [7]. We use the powerful P.A. method
4], to estimate the critical temperature. In this method, the Curie
emperature is determined by locating the singularities in the P.A.

ethod to the HTSE of the magnetic susceptibility. The excellent
eviews of these methods are available in Refs [23,24].

The simplest assumption that one can make concerning the

ature of the singularity of the magnetic susceptibility �(T) is that
he neighbourhood of the critical temperature the above the fol-
owing functions exhibit the asymptotic behaviour:

(T) ∝ (T − TC)−� (10)

he usual approach is to compute the series for the logarithmic
erivative of �(T),

d

dT
log[�(T)] ≈ −�

T − TC
(11)
0.1 – 1.99 1.85
0 1.166 1.166 1.166

as this function has a simple pole TC and should be well represented
by Padé approximants [M, N]. The exponent � is then re-estimated
from the approximates to:

(T − TC)
d

dT
log[�(T)] (12)

evaluated at T = TFerriM(TN).
A P.A. [M, N] to a magnetic susceptibility �(T) is a rational fraction

PM/QN, with PM and QN, polynomials of order M and N in ˇ = 1/kBT,
such that: �(ˇ) ≈ PM/QN + O(ˇM+N+1), M and N are the degree of the
P and Q polynomials, respectively. Estimates of TFerriM(TN) and � for
Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 have been obtained using the
P.A. method [4]. The simple pole corresponds to TFerriM(TN) and the
Fig. 1. The magnetic phase diagram of the Zn1−xNixFe2O4 systems. The open squares
and the solid squares represent the results given by: HTSE method and magnetic
measurements [11–13], respectively.
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ig. 2. The magnetic phase diagram of the Zn1−xMgxFe2O4 systems. The open
quares and the solid squares represent the results given by: HTSE method and
agnetic measurements [11–13], respectively.

. Discussions and conclusions

In present work, we have used the mean field theory to calcu-
ated the exchange interactions J1(x) and J2(x) of the ZnFe2O4 spinel.
he probability distribution function adapting to the nature of dilu-
ion problem has been applied for the two Zn1−xMgxFe2O4 and
n1−xNixFe2O4 systems to calculate the exchange interaction JAB (x)
n the range 0 ≤ x ≤ 1 (see Table 1). From Table 1, on can see that the
xchange integral decreases in absolute value when x decreases in
he two systems. In these spinels oxides the predominant exchange
nteraction is super-exchange between cations through the inter-
ening oxygen (Zn–O–Fe, Zn–O–Zn or Fe–O–Fe). The main factors
overn the strength of this antiferromagnetic interaction. In the
n1−xMgxFe2O4 and Zn1−xNixFe2O4 materials, the exchange inte-
ral JAB is the largest because the angle Zn–O–Fe is closest to 180◦

11].
By applying the HTSE method to the magnetic susceptibility

(T), we have estimated the critical temperature TFerriM(TN) for each
ilution x in the Zn1−xMgxFe2O4 and in Zn1−xNixFe2O4 systems.

everal thermodynamic phases may appear for the Zn1−xNixFe2O4
ncluding the ferrimagnetic (FerriM) (0.4 < x ≤ 1) and antiferromag-
etic (AFM) (0 ≤ x < 0.4) and paramagnetic (PM) phases (see Fig. 1).

n Zn1−xMgxFe2O4 we find the several magnetic phase includ-
ng the ferrimagnetic (FerriM) (0.7 < x ≤ 1) and antiferromagnetic

[

[
[

Compounds 503 (2010) 299–302

(AFM) (0 ≤ x < 0.7), paramagnetic (PM) phases (see Fig. 2). In the
two figures (Figs. 1 and 2), we have included, for comparison, the
theoretical results obtained with the results obtained by magnetic
measurement [11–13]. From these figures one can see good agree-
ment between the theoretical phase diagram and experimental
results. In the other hand, the sequence of [M, N] P.A. to series of
�(T) has been evaluated. The value of critical exponent � associ-
ated with the magnetic susceptibility �(T), have been estimated.
By examining the behaviour of these P.A., the convergence was
found to be quite rapid. This procedure was repeated for series up
to orders 6 and 5. Between the orders 6 and 7, the analysis of the
series is not affected significantly. The approximants are well con-
verged and estimates are accurate to high precision 1%. When the
number of terms decreases from 6 to 5, the analysis of the series
shows that estimates of increase by 2%. For short series n ≤ 4 the
accuracy in the calculation is not expected to be high. Estimates
of the critical exponents associated with magnetic susceptibility
for the Zn1−xMgxFe2O4 and Zn1−xNixFe2O4 systems are found to be
� = 1.36 ± 0.02 and � = 1.38 ± 0.02.
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